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SUMMARY
This paper deals with the approximation of the stationary sol of
the Fokker-Planck equation for dynamical systems with small random r-

bations acting upon the state variables as well as the parameters.
singularly perturbed boundary value problem is solved by using its -

tional formulation.
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.NTRODUCTION

The state of a deterministic dynamical system at time t is given by

wetor x(t) (xl(t),...,xn(t)) satisfying a differential equation of the

b(x).

~
b
]

s assumed that the set of admissable states forms a bounded domain x ¢ R
that for every point X € i the system (1.1) with x(0) = X tends to
only stationary point x = 0 € x as t » « without leaving x. The dynamic:
such a system is well understood, particularly, when b(x) denotes a gra-
1t field. The above equation is used to model real world problems such
he stability of elastic structures, chemical reactions and the distri-

lon of genotypes in a population. In all these problems there is another




actor we did not include in (1.1), that is the influence of random pertur-
ations. Let us assume that these perturbations are small and of a type
nown as Gaussian white noise. Then (1.1) changes into a stochastic differ-

ntial equation
1.2) dx€ = b(xe)dt + ec(xa)dw, 0 <e <<,

here w(t) is a n-dimensional Wiener process and o the diffusion matrix of

;ownian motion. From probability theory it is known that X leaves yx with

robability 1. The time £ needed to reach 3x depends on the starting point
0 and €. For ¢ - 0 we have that L which is consistent with the dyna-

ics of the deterministic system. In this paper we will concentrate on the

uestion where the system leaves x. We will present a method that computes

he probability density of leaving x at a point x € 3%, if at t = 0 the

ystem was in a state X, € X. Our analysis of this problem has its starting-

0
oint in the Fokker-Planck equation related with (1.2). This equation for

he transition probability density of X, has the form

2

n
_ 39
1.3) = ) a0 g
i=1 i3

Iho~—3

d
. bi(x) ox. ’
1=1 1

ith
— 1 * u
aij(x) = 7[0(X)0 (X)]ij,

here o= denotes the adjoint of o, see [4]. Let pe(x,xo) denote the probab-
lity density of leaving x the first time at x e€ 3y when starting at Xy € X-

nen the following relation is known to be wvalid.

1.4) ) J pE(x,xo)h(x)ds = @(xo;e),

X
zere ds is a positive measure on 9y and & is a stationary solution of (1.3)
atisfying the boundary condition ¢ = h on 3x, see [10]. Finally, we will

lso consider systems containing a set of parameters (Pl""’pm)

1.5) X = b(x,p)




study the influence of small random perturbations acting upon x as well

, so that (1.2) changes into

Xe) - /b(xe’p€)>dt + /Oxl(xe’pe) 0x2(xe’pe)\dw,

-

0pl(x’epe) 0p2(xa’pe)

w

w(t) is a (n+m)-dimensional Wiener process.

The central problem we deal with is the construction of an asymptotic
tion of the stationary Fokker-Planck equation (1.3) for e - 0. In this

r we will use a variational method as given in [6, p.590] with a slight-
ifferent functional. It is noted that this modification of the function-
sans a considerable reduction of the computational work. Employing for-
(1.4) we are able to compute the probability that the system leaves a

ded domain of the (x,p)-space at a specified part of the boundary.

NE DIMENSIONAL SYSTEMS

The resonant turning point problem

Let a function ®(x;e) satisfy the time-independent Fokker-Planck equa-

for a one-dimensional dynamical system with state-independent random

urbations

+

2
2 49 do
a) € —;5 b(x) = o, 0 < e << 1,

[N

(0,1) with boundary values

the interval ¥

b) ®(0;¢) A, ®(1;e) = B.

I

s assumed that b'(x) is strictly negative throughout the interval [0,1]
that b(y) = 0 for some O < y < 1. The exact solution for this problem

S

_ (B-A)V(x;e)+AV(1;e)-BV(0;¢)

a) o (x;¢) V(13;e)-v(03e)




vith

X y
2.2b) V(x3e) = J exp{-léJ b(z)dzl}dy.
€
Y Y

1e asymptotic behaviour of ¢ as € > 0 can be derived from (2.2). However,

>r higher dimensional systems we are not always in the position to obtain
1 explicit expression for the solution, we then have to look for suitable
mpplicit asymptotic methods by which the behaviour of ¢ as € - 0 can be de-
(ved directly from the differential equation. As an illustrative example

; also approach this problem by an implicit method.

The problem (2.1) is a so-called singular perturbation problem. Sub-

:itution of € = 0 in (2.1a) yields the reduced equation b@é = 0 having the
>lution

) =

'.3) .QO(X) k.

For problems with b not changing sign on the interval (0,1), it can ‘
: shown that k must have the value A for b > 0 or B for b < 0. For x fixed
d e > 0, & tends to @O. In an e-interval near the end-point where the

yundary value differs from & the solution changes from the value k to

s
iis boundary value; as e - Oothe solution steepens in this e-interval and
)rms a so-called boundary layer.
For the present problem it is not clear what value has to be taken for
This problem was noticed first by ACKERBERG and O'MALLEY [1] for the

[uation

2 d2®
E B —

dx2

L 4) + b(x) % + c(x)0 = 0

th b as in (2.1). For the solution of the corresponding reduced equation

ie has

X
.5) Qo(x;s) =k exp{—J-E£§l dx}.
b(x)
Y

ley found that for




-c(y)/b(y) = 0,1,2,...

ralue of k is in general different from zero; k can be determined by
wus methods, see [2, 6 and 9]. In the other cases k has to be taken
as otherwise higher order terms of the asymptotic expansion for the
:ion become singular; for these problems boundary layers arise at both
yoints. For the so-called resonant cases satisfying (2.6) a boundary
- is found at one of the end-points depending on the sign of

1

I= J b(x)dx.

0
1t both sides if (2.7) vanishes.
For the asymptotic solution of the resonant problem (2.1) we follow
as this method also applies to partial differential equations. Utiliz-
he standard method of matched asymptotic expansions we expect the for-

isymptotic solution of (2.1) to have the form
) @as(x;e) =k + (A-k)exp{—b(O)x/sz} + (B—k)exp{b(l)(l—x)/sz}.

cently, we lost information in the standard approach, as k is undeter-
j. This information is recovered by submitting (2.8) to a variation

traint. Multiplying equation (2.la) with exp{¥(x;e)} we obtain

d do, _
) Ix (eXP‘Yﬁg) =0,

X

0) ¥(x 3e) = —]2- J b(y)dy.
€

he corresponding variational problem one considers the functional
1
1 do, 2 .
1) J(®) =5 J (dx) exp¥(x;e)dx.
0
ng (2.8) as a restricted class of admissible functions we choose k such

the functional (2.11) is stationary in the first order asymptotic




pproximation. Ignoring relatively exponentially small terms we obtain

1
2 2
2.12) 3o, ) = E(—(l)—%-i)— J exp{—ib—(% + ¥(x;e)ldx +

s 2e 0 €

2 2 1
. (D (B-K) J exp{2b(1)('1—x)

284 2

+ ¥(x;e) }dx,
€

0
he first integral has its largest contribution from an ez—interval near

= 0 and the second from an interval near x = 1:

X 2
Eﬁgliégkl— exp¥(0;e) - Eﬁlli%%kl
”e 2e

J(k) = exp¥(l;e).

or the value of k at the stationary point satisfying dJ/dk = 0 we need to

istinguish three cases

2.13a) k = A (1 >0)),
2.13b) k =B (I <0),
2.13¢) = 2 D(0)=B b(I) (I =0).

b(0)-b(1)

.2, The one-locus problem in population genetics

For an introduction in the mathematics of population genetics we refer
o CROW and KIMURA [3]. The application we deal with concerns the one-locus
roblem for a diploid population. Let there be two alleles A and a at this
ocus. Then the population is divided into three genotypes AA, Aa and aa,
hich may have different fitness (ability to survive and to reproduce). The
elative fitness is parameterized by the selection coefficient s and the
easure of dominance h. If p is the total frequency of allele A, we can

haracterize the genotypes as follows,

genotype AA Aa aa

2 2
frequency P 2p(1-p) (1-p)
rel. fitness I-s 1-hs 1

Table 2.1




iverage fitness of the population is
2 2
w = (1-s)p” + 2(1-hs)p(1-p) + (1+p)” =1 - sp{p + 2h(1-p)},
: the average fitness of genotypes containing allele A equals

w, = {(=s)p”+ (I-hs)p(1-p)}p” = 1 - s{p+h(1-p)}.

‘hange of frequency p over large time intervals satisfies

) p = p(wA-w)/w.

; small we have

) p = sp(1-p){-h+ (2h-1)p}.

1se of selection favouring the hetrozygote (h < 0) there exists a -

reneous stationary distribution with p = = h/(2h-1), which is s
Pg

> see from figure 2.1,

0 .

Fig. 2.1

>w introduce random mating. Besides a drift of the expected value

1 by (2.15), there will be small random perturbations with varianc
5) /N in the change of p (N is the size of the population). This st
problem is described by the Fokker-Planck equation (also indicate

»gorov backward equation)




% _

'.16) 5t

2
BUR) 22 4 sp1-p) th+ (1-2m)p} 22,
op P

ere @ is the transition probability density of p at time t. Assuming
- >> 1 we see that a time-independent solution of (2.16) will satisfy the

ngularly perturbed two-point boundary value problem

2

.17a) e 224 (h+ (1-20)p} 2 - 0, e = (Ns) !,
2 dp
dp
. 17b) ®(03e) = A, ®(13e) = B.
t us set A= 0, B = 1. According to (2.13a), ®(x3;e) > 0 as € ~ 0 for x

xed. Thus, using (1.4) we find that p reaches the value | with probability
ro. Setting A = 1 and B = 0 we conclude that p reaches the value 0 with
obability 1,

In this problein we see the drastic influence of (even small) random
rturbations: the seemingly stable state with p = Py with a heterogeneous
pulation will disappear and the allele A will become extinct with probabi-

ty 1.
SMALL RANDOM PERTURBATIONS OF GRADIENT SYSTEMS
1. The variational characterization
We consider the dynamical system (1.1) with one stationary state,
= 0, which is assumed to be asymptotically stable. The set of admissable
ates forms a bounded domain y < Bﬁl satisfying

.1) x = {x [O <r<r (0

ere (r,0) denote the spherical coordinates for the point x. The vector

x) is directing to the inside of the domain ¥ and forms a gradient field

.2) b(x)+v(x) <0 for x e 9x and b(x) =V ¥(x)




: v(x) is the outward normal at 3. We restrict ourselves to
the random perturbations are state-independent. A stationar;
le Fokker-Planck equation will satisfy the following partial
equation with boundary values
n
2 90 .

+ . —_— =

L) e Ad Z] bl(x) axi 0 in ¥,

1

) ® = h(6) on 3x.

iethod of matched asymptotic expansions suggests an asymptot

1e form

¢as(x;8) =k + {h(6)-k}eXP{q(6)(;(9)-r)/62},

R|—
I~

q(e) = x;b, (x(0),0).

i=1

1 section 2.1 we determine the constant k by formulating the
rariational problem. The constant k has to be chosen such th
; of functions (3.4) the following functional is stationary

: approximation

N —

n
» 3(8) = J y (égg)zexp(!£§l)dx.
i=1 9%

€
X

Exit problems for two-dimensional systems

Let us consider the Dirichlet problem (3.3) with x being th
le in IR2 and with bi(x) = -x;, see figure 3.1. Then the asy
tion will be of the form

) @as(x;e) =k + {h(e)-k}exP{-(l-r)/ez},

ase
tion

ren—

ution

spond-
the

first




0o

X.
3.7) — {h(e)—k}exp{—(]—r)/sz}{—éh-+ o},
1 €Y

lbstitution in (3.5) gives

1 27
1 (r--2)2
3,0 = =g+ 0 [ ept- £ [ -
2e 0 2e 0

1e condition dJ/dk = 0 yields
2T
1
3.8) k = o J h(8)ds.
0

f the starting-point x, is taken in the outer region of x (o

b>undary layer of thickgess 0(82)), then according to formula
robability density of leaving x at a point of the boundary e
1us, all boundary points may be point of exit with equal pro

Next we consider the same problem for a slightly differe
(0) =1, 1 <T(8) <2 for 8 # 0 and £(8) ~ 1+0a26° for |8] <

)>sitive constant, see figure 3.2b. Then we have

2T ;(9) _
J(cl)as) = {;lﬁ + 0(1)} J {h(e)—-k}2 J exp{—2£££%
© 0 0 €
itegration over r gives
C2m -
e, ) = {3+0(cD)) J {h(e)-k}zeXP{-%}de,
0

1ile the main contribution in the integration over 6 comes £

sighbourhood of the value 6 = 0,

|/TT€

T+ 0(e?) Jexp{—5Hh (0) -k},

(e, ) = | -

11is expression is minimal for
k = h(0).

f we choose 0 £ h(8) < 1 with h(0) =1 and h(6) = 0 for |0]

the

the
1/2m.
ty.
lain with

d o some

r2
———Z}drde .
2¢:

0 with §
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rary small but independent of e, we have the following inequality

8 6
J ps(e,xo)de > -[ pe(e,xo)h(e)de = @(xo,e).
) -6

. starting point Xy € X bounded away from 9dY, @(xo;e) +~k as € ~ 0, so

the system leaves the domain x near the point (r,6) = (1,0) with prob-

ty 1.
Finally, we take a domain with r(0) = r(w) = 0, 1 < r() < 2 for
1,m and
a)  t(e) ~1+a%0®  (l8] << 1),
- 2 2
0b) r(6) ~ 1+B87°(6-m) (le-m| << 1).
we have
36, ) = 718 i ml (RO a@-0% o)
as 4 P 2 a R €7
2e
lat

k = {Bh(0) + ah(m)}/(a +B).

the estimate (3.9) we compute the probability of exit at the point

and in a similar way the probability of exit at (-1,0), see figure

A !
x *2
2
(1,0)
_—”///// X7 X, >
1
Fig. 3.1. All boundary points Fig. 3.2. The point (1,0) is exit

have equal probability of being point with probability 1.
exit point.




(—]90) (130) )

X. >

ig. 3.3. The point (1,0) is exit point with probability B/(a + B) and
(-1,0) with probability a/(o +B8), see formula (3.10).

. DYNAMICAL SYSTEMS CONTAINING A PARAMETER VECTOR
.1. The effect of random perturbations in the parameter vector

For the system (1.6) the set of admissable states x and parameter

alues p forms a bounded domain & c ﬂﬁi (k = m+n),
4.1) Q= {(x,p), x € x(p), p € T},

1ere T is a bounded domain in H%l. For p fixed x(p) has the form (3.1),

(x,p) is assumed to satisfy condition (3.2a) and the inequality

D
+.2) Z bi(x,p)xi < -L x2  in Q.
i=1

1e Fokker-Planck equation for (1.6) reads

r a@ — 2
$.3) T L2¢ + Llé,
n 2 n n 2 m 2
3 3 3
L, = Z o 2 Z Z B Z Y. . s
2 i,3=1 1] Bxiax i=1 =1 1] axiap i,3=1 1] apiap.
s 9
L1 = .Z bl ox.
1=1 1
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symmetric coefficient matrices

* * * *

= = +
fo; v = %1% * 9%2%2° Mijtmn = %p1%1 ¥ %p2%p2
vith

{ } _ * + Tk
Bij nxm lecpl Gx20p2'

ationary solution of (4.3) is found as the solution of an elliptic

tion with boundary values

1) 62L2© + L]¢ =0, 1in Q,
3) ¢ = h(x,p) on 39.
dard perturbation methods yield an asymptotic solution of the form

) 5__(x,p) = k(p) + {h(8,p)-k(p) }exp{a(8,p) (F(6)-r) /")

iplying equation (4.4a) with e_zexpw(x,p;e) we obtain

n
d Y B(D 3 b4 3<I>
) . Z 0X, (aiJ e X Z ) (BiJ )
J= i J i=1 j=1 h|
m n n
a Y 29 - b4 a ¥
+ ) oo ( ije 5 ) R bie - Z e (alJe ) -
i,3=1 1 J = j=1 J
m m
9 b4 00 9 Y, 9%
-2 ) 5——'(Bi-e )} Pyl ) 5——'(Yi.e ) 55 = 0-
j=1 Py M i oi=1 Pg P;
rly, this equation is selfadjoint, if
n
a) z 38 (o 1 e ) + 2 2 3'-9‘{!) =€ 2b-e‘y, i=1,...,n,
JBoo9x. ?p. ij i
=1 73 =173
m
3 b4 .
b) Z . (Yije ) =0, j=1l,...,m,
i=1 i




or some function ¥. Under these conditions the problem can be reformulated

s the variational problem for the functional

n n m
1 9% 99 ¢ 099
4.8) J(e) = §.J . Z {aij 3%, 0%, & 2 .z .Z Bij 9x. 9p. *
o L =] 1 h| i=1 j=1 1 1
m
+ ) Y, gzg-éagﬁewdxdp.
i,j=1 "1 Pi P;

rom (4.2) and (4.7a) it follows that ¥ is a function of the order O(lxlz/ez).

ubstitution of (4.5) into (4.8) gives an expression with leading term

+o0

_1 (5 sk 9k
4.9) Jo(k) - 'z J Z Yij(O,P) J eXP\PO(E’P)dg —ap_ '5'1'3'— dP’

F i’j=] 1 j

=00

here

¥ (8,p) = lim ¥(Ee,...5E €, Pysee 5P 5€).
e~>0
he corresponding Euler-Lagrange equation for (4.9) is an elliptic differ-

ntial equation for k(p) holding in the domain T < B%n

20

4.10a) T2 (v (00 [ expy (e,pyaE 2yap = 0
’ . & 9p. ijt? 0°°" op . ’
i,3=1 1 J

-0

sing (4.7b) we can reduce this equation to

& 5%k
4.11a) z Y..(0,p) ——— = 0.
i,j=1 M PP

e are still in the position to impose boundary conditions upon k(p). Hold-
ng the view that a formal procedure must be of such a nature that it avoids

purious boundary layers we choose as boundary values
4,11b) k(p) = h(x,p) with x =0 and p € 93T,
ince (4.5) augmented with (4.11) produces a unique asymptotic solution,

t is worth to concentrate on the necessity of the selfadjointness condi-

ion (4.7). This problem has been investigated in [5], where a rigorous
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of the validity of (4.5) and (4.11) has been given without using cond-
s (4.7).

Let us consider the boundary value problem with O < h(6,p) <1, h =1

I and h = 0 outside a 8-neighbourhood of 3T, then k = 1 and according
.4) the system (1.6) leaves Q in a §-neighbourhood of a point (x,p)

x =0 and p € 3T as € -~ 0, because

) J PE(X,XO)dS > J pe(x,xo)h(x)ds = @(xo;e)

o 1Y)
[x]<8 |x]<6

'(xo,e) + 1 as € > 0 when X belongs to the outer region of Q. Thus,
ystem will leave the admissable set of, state- and parameter values,
ise of the random perturbations in the parameters. Note that the value
at 3T where (x,p) leaves Q depends only Yij(O,p) and the starting

' Pye

The two-locus problem in population genetics

A population of N diploid individuals, each characterized by its geno-
with respect to two loci and with two alleles at each locus, is des-

:d by the fractions of gametes of types AB, Ab, aB and ab. Let these
:ions be denoted by qi,.i =1,2,3,4. For a population with random mating

‘ollowing Fokker-Planck equation can be derived (see [3, 81)

. 29 _ % 45 (1-95) 24 § % 4495 5%
R = e

36 20 _ 90
- wlq (I-qy=9,7q5) - q2q3}(aq] 3d, 8q3)

domain S = {(ql’qz’q3) Iqi >0, q*q,*dg < 1}. Substitution of
+) q; =P, * % d,=p 1Py = x, g3 = (I-pp, = x

sforms the equation for the stationary problem into




2 32® 82®

[ i S}

20
.15) 8[ {p.(1-p.) — + 2x(1-2p.) + 2x —2
Li=g 1 1 api 1 apiax aplapz
2. 3% 30
+ {PIPZ(I"PI)(I—pZ) + x(1-2p,) (1-2p,) - x }E - x £ =0,

e = 1/(2+4Np),

ile the domain S transforms into a domain 9 of the type (4.1). We consider
e Dirichlet problem of (4.15) with O < € << 1 for a subdomain Qn c @ with
bounded away from 3. In the way as carried out in the foregoing section
e can prove that for € > 0 the two-locus system, if starting in the outer
gion of @, tends to .linkage equilibrium (x = 0) along the subcharacteri-

ic of L] by choosing a domain Qn as in figure 4.1 with n arbitrary small

it independent of €.

A® 1
(xo,po)
QT]
=14 (0,p)
° 0
Py
y4 ya -
O I(— n > i pl
Fig. 4.1

SOME REMARKS

In our presentation we have emphasized the variational approach of

ngularly perturbed boundary value problems with resonant turning-point
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riour. We gave applications in the theory of dynamical systems with

| random perturbations referring, in particular, to problems in popula-
genetics. However, we did not formulate the mathematical problems in

: most general form, nor did we treat some extensions of the method.

1s merely our aim to give the reader an impression how we arrived at
method of solving a§?ﬁ§f6ﬁically the above class of singular perturba-
problems. For exaﬁﬁie3wiﬁ/section 4.1 we already mentioned that the
-adjointness condition (4.7) could be dropped. However, this part forms
tey to the asymptotic solution of the problem. Without this it would

e understandable how one arrives at the result (4.11a). Likewise the
»d of section 3.1 can be extended to non-gradient systems, see MATKOWSKY
3JCHUSS [10]. The case where the dynamical system has more than one

lonary point has been worked out in [11].
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